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algorithm." This material is divided into five chapters and is a not quite completed monograph that Rutishauser had been preparing until his untimely death. This book is intended for an introductory course in numerical analysis at the advanced undergraduate level. The student or reader is thus supposed to have prior knowledge in calculus and preferably in linear algebra. The book consists of ten chapters with the headings:
Chapter 1: Introduction. The short Chapter 1 is devoted to a discussion of the relationships between mathematical models and corresponding numerical problems.
In Chapter 2 we find a discussion of various sources of errors and derivation of the well-known formulas for error propagation. This topic is dealt with in most textbooks in numerical analysis. But the authors also give an interesting discussion of the IEEE standard for floating-point arithmetic and about pipelined floating-point operations.
Next, Chapter 3 deals with fairly modern topics, such as the CORDIC algorithm for evaluating trigonometric functions. We find here also some useful classical results such as the estimation of the remainder of a truncated alternating series by means of Leibniz's theorem and the integral estimate for truncated positive series.
Chapters 4 and 5 give a useful treatment of classical topics which have many applications.
Chapter 6 presents the important Richardson extrapolation, which should be known by almost everyone working in the area of numerical calculations. Its application to numerical differentiation is treated here, but in subsequent chapters this extrapolation is applied to numerical integration and the treatment of differential equations.
In Chapter 7 we find the classical Romberg scheme for numerical integration. Perhaps the authors could have mentioned in this context that there are situations (e.g., in the integration of periodic functions, or when the interval of integration is infinite) when the trapezoidal rule gives very accurate results which cannot be improved by means of Richardson extrapolation. On the other hand, the authors give an interesting treatment of adaptive quadrature.
Chapter 8 gives a very good introduction to the numerical treatment of linear systems of equations and Gaussian elimination. The cases of general, i.e., nonstructured matrices, positive definite and band matrices are dealt with in detail. Iterative improvement is also discussed. It would perhaps have been worthwhile for the authors to include a short description of the Gauss-Seidel and Jacobi iteration schemes, which now are of interest in the context of the popular multigrid methods. We also find in Chapter 8 a discussion of perturbation, for which the authors introduce vector and matrix norms. The discussion of high-performance computers is also valuable.
In Chapter 9 normed function spaces are introduced in an elementary way, and some classical results on orthogonal polynomials are presented. The reader is also informed that interpolation at the Chebyshev points in general gives a good polynomial approximation.
Chapter 10 is devoted to ordinary differential equations and describes a few important methods for initial value and boundary value problems.
The book is well written. The discussion is clear and easy to follow. The authors present central topics in numerical analysis and the book should be useful for anyone who is interested in numerical calculations. The book by Gunzburger will appeal to a broad range of people interested in understanding algorithms for solving the model equations of fluid flow. This could be someone who wants to write new software, someone interested only in using existing software, but wanting to use it more intelligently, or someone looking for research problems in the field. Gunzburger has attempted to present the body of mathematical results currently available on the subject to such people.
The casual reader might comment that the book lacks proofs. This is not an accurate statement, even though the preface says that "no detailed proofs are given." For example, a fairly complete outline of a key issue, "divergence stability," is given (Chapter 2); details are in the papers cited. Even research mathematicians may appreciate this approach-it tells them what is important and where to find out more. However, the approach may make the book inappropriate as a text for a graduate course in mathematics.
There are several books with subject matter related (and complementary) Gunzburger addresses many of the algorithmic issues related to model complexities that arise in practical applications, such as mixed boundary conditions, non-Newtonian models, nonsimply connected domains, to name just three. Often ignored in theoretical treatments, such complexities lead to nontrivial perturbations in an algorithm and may cause significant problems for code modifications if not anticipated in the planning stage. The inclusion of such topics makes the book a valuable reference.
Not all topics critical to successful simulations are covered as fully as one might like. Indeed, the last chapter is devoted to a discussion of a number of "omitted" topics, and it provides some excellent guidance for future research topics. One of the topics discussed there that may surprise theoretically oriented computational mathematicians, yet is of crucial practical importance, concerns test problems. Software for solving partial differential equations in complex geometries is difficult to write and debug, so the testing of it is very important. One test problem for two-dimensional Navier-Stokes codes has recently been proposed in [6] .
One cannot assume that all available mathematical theory regarding the modelling of "viscous incompressible flows" has been represented in the book. As an example, one of the earlier chapters is devoted to time discretizations. The material presented is the essential introductory theory for the most basic timestepping techniques, yet much more could have been said on the subject. For example, there is no reference to the important series of papers by Heywood and Rannacher [5] which discuss some severe limitations to the accuracy of standard methods unique to incompressible flows, nor is there a discussion of the techniques introduced by Glowinski and coworkers [4] .
Whether for getting an introduction to the subject, finding a detailed algorithm for a complicated model, or just seeking the philosophical viewpoint of one of the experts in the field, this book will be very valuable. It has appeared at a time when the subject is maturing and some definitive guidance can be given regarding code development and use. It also proposes numerous directions for further research in this continually developing field. According to the authors' introduction the purpose of this book is two-fold: to present a condensed and elementary form of the theory of the finite element method, and to extend standard treatises to cover a number of recent special developments.
The first part of the book (Chapters 2-7) is an introduction to the mathematics of the finite element method. The starting point is Chapter 2, on the variational formulation of second-order elliptic problems, including a concise section on Sobolev spaces. Chapter 3 introduces the finite element method and describes several standard finite element spaces, and Chapter 4 discusses their approximation properties and associated convergence results in energy and L2-norms. Chapters 5 and 6 address quadrature aspects and the generation of the stiffness matrix, and the relatively lengthy Chapter 7 is devoted to the solution of the resulting systems of linear equations.
In this part of the book some basic results are proved, but for the more sophisticated ones the reader is referred .to other treatises. For instance, the Bramble-Hilbert lemma is stated and used extensively, but for a proof the authors quote the book of Ciarlet, which also is frequently referenced in the sections on quadrature and elsewhere. In the chapter on solution of the linear algebraic systems, different subsections treat the Jacobi method, the Gauss-Seidel method, SOR, steepest descent, and conjugate gradient methods. Preconditioning is mentioned without being pursued, and more modern notions, such as methods based on FFT, domain decomposition, and multigrid methods, are not mentioned.
The remaining part of the book, corresponding to the second purpose stated, has twelve chapters on topics such as methods for increasing the accuracy in standard finite element approximation (Chapter 8), fourth-order elliptic problems (Chapter 9), parabolic and hyperbolic problems (Chapters 10-11), methods and problems associated with divergences and rotations, including solution of Stokes, Maxwell's, and Helmholtz's equations (Chapters 12-14), nonlinear problems (Chapters 15 and 18), and eigenvalue and bifurcation problems (Chapters 16-17).
The selection of topics appears motivated mainly by the authors' own research interests, and no attempt at a wide coverage of recent developments appears to have been made. The chapters are often quite short and sometimes characterized by a certain lack of substance and precision, with simple computed examples carrying the burden of persuasion. In view of the expressed purpose of being accessible to readers with limited background, the presentation is often on the terse side.
Although the list of references is extensive, many household names and relevant works from the field are missing, conveying the impression that the authors are somewhat less than well informed about some of the areas they describe, whereas no less than 19 papers by the authors themselves are quoted.
To give some examples of the above points, in a short chapter on eigenvalue problems, the authors reproduce an incorrect error estimate for eigenvalues from the early literature. The subsequent related four-page chapter on a bifurcation problem is too short to accomplish its purpose of explaining the rather difficult problem, describing a method for its solution, and presenting numerical evidence. In the chapter containing a discussion of superconvergence, on which the authors have written an exhaustive survey article, one is surprised to find the book by Axelsson and Barker from 1984 to be the basic reference on nodal superconvergence, the only other reference being the survey just mentioned.
The short chapter on hyperbolic problems considers only two specialized topics, perhaps not the obvious first choices, namely the solution of the wave equation with nonhomogeneous Dirichlet boundary conditions for t > 0, and a stationary, convection-dominated diffusion problem. In the former a penalty approximation is presented, where the nonhomogeneous boundary condition is replaced by a Newton-Robin type condition with a small coefficient in front of the normal derivative. The resulting equations are then discretized by standard finite elements in space and a symmetric difference scheme in time. No analysis of the method is presented, nor any claim about its properties, but some computations are described with tables and pictures. In the latter part of the chapter a Petrov-Galerkin method is applied to a linear one-dimensional singularly perturbed problem. Again, no analysis or convergence statement is given, only a computation hinting at the superiority of the Petrov-Galerkin method with the appropriate trial space over the standard Galerkin method.
In summary, the reviewer feels that the two purposes of being both an elementary introduction and a survey of the authors' research interests have turned out not to be quite compatible. In the first part, for simplicity and brevity, the analysis has been cut down to such a minimum that the second part would be very difficult to penetrate for someone with only this as a background. However, the appearance of a new book in such a central and active field of numerical analysis as finite elements always arouses interest and curiosity. The present one will certainly serve as a useful survey of work of the authors and their collaborators and compatriots, often not easily accessible otherwise. The title seems too general. The book does not cover all the aspects of numerical methods for conservation laws. For example, shock-fitting methods, or finite elements and spectral methods, are not discussed. However, the text does provide an up-to-date coverage on recent developments of shock-capturing finite difference methods, which is one of the most active research areas in numerical solutions for conservation laws.
The first part of this book summarizes the mathematical theory of shock waves. It also covers topics related to gas dynamics equations. Although the material is available in other books listed in the references, a somewhat more elementary approach with the help of graphs is provided here. It should prove helpful to students with a limited background in partial differential equations, but who want to get some feeling about the theory in order to read the second part regarding numerical methods.
Part two of this book is about recent developments of shock-capturing finite difference methods. In the past fifteen years there has been a lot of activity in designing and analyzing stable and accurate shock-capturing finite difference methods for conservation laws whose solutions contain shocks. The developments have been following quite a different path than the traditional linear stability analysis based on smooth solution assumptions. Tools for nonlinear stability such as TVD (total-variation-diminishing) methods have been developed, and high-order nonlinearly stable methods have been designed to resolve shocks and other complicated flow structures. Unfortunately, most of the results have been available only in isolated, sometimes hard-tq-read journal articles. Books or Lecture Notes in this area are notably rare. This book is therefore rather unique and should prove to be a valuable reference and textbook in this area.
The text is carefully prepared. I have used a report version of it for a graduate reading course at Brown University, and students feel that it is well written and on the whole easy to understand. Misprints are rare, although the first sentence in the Preface misses an "are" right after the first two words. Another notso-obvious mistake is in Exercise 17.1 on page 199: the minmod function in (16.51) would have to be changed to a minimum-in-absolute-value function to establish the claimed agreement.
In view of its limited scope, this book is not suitable for a general numerical analysis course for partial differential equations, or for computational fluid dynamics. However, it would serve as an excellent textbook for a graduate seminar course for mathematics or engineering students who are interested in shock calculations, and as a general reference book for researchers. The fact that it contains exercises and is available in relatively inexpensive soft cover is another welcome feature.
One comment on the organization of the material: the first part on theory of conservation laws and gas dynamics equations seems too lengthy, since most of the material can already be found in many good books. It would seem worthwhile to condense the first part and to expand the second part on numerical methods. One gets the impression, when reading through the book, that it is gradually running out of steam: towards the end, the description becomes more and more sketchy. The authors present here a comprehensive, up-to-date treatment of spectral methods: "when to use them, how to implement them, and what can be learned from their rigorous theory."
The distinguishing feature of this book is its synthesis between the description of spectral algorithms that are successfully implemented in Computational Fluid Dynamics (CFD) problems, and whatever rigorous theory is currently available to support their numerical results.
After the introductory material in Chapter 1, the content of the book can be grouped into three related parts.
The first part outlines the basic ingredients which are involved in spectral solution of PDE's. In includes a bird's eye view on the fundamental concepts of spectral expansions in Chapter 2. Chapter 3 is concerned with accurate spatial differentiation of these spectral expansions in the context of linear and nonlinear PDE's. Temporal discretizations of spectral approximations to time-dependent problems are treated in Chapter 4, and the solution of implicit spectral equations (which arise owing to full spectral differentiation matrices) is studied in Chapter 5.
The second part of the book is devoted to applications of spectral methods for CFD problems. It includes a detailed description of spectral algorithms for unsteady incompressible Navier-Stokes equations in Chapter 7, and for compressible Euler equations in Chapter 8.
The third part of the book deals with the rigorous analysis of spectral methods. Error estimates for spectral expansions are presented in Chapter 9, which is followed by the linear stability and convergence analysis of spectral methods in Chapter 10. Chapters 11 and 12 demonstrate applications of the general theory to steady Navier-Stokes and time-dependent problems, respectively. The final Chapter 13 addresses the issue of spectral computations in general geometries via domain decomposition methods.
The main text concludes with an impressive list of references. The class of spectral methods is an umbrella for a family of certain projection methods. I now proceed with a brief description of these methods, touching upon various aspects that are highlighted in the book.
The underlying problem consists of one or more PDE's
(1) Lu = F augmented with side conditions-initial conditions, boundary conditions, etc., which make the problem well posed. The A-dimensional spectral approximation of ( 1 ) reads (2) PNLUN = FN > together with appropriate A-dimensional side conditions. Different spectral methods are identified with different A-dimensional projections PN . The distinctive character of spectral methods is their use of global, highly accurate projections. Typically, these projections are represented by A-term orthogonal expansions, e.g., Fourier, Chebyshev, Legendre, etc. Chapters 2-5 describe how to proceed with efficient solution of (2). In particular, the FFT can be used to carry out algebraic and differential operations with the spectral expansions. Preconditioning and multigrid techniques are used for the solution of the full, often ill-conditioned linear systems associated with the linearized equation (2). The behavior of the approximate spectral solution, uN , depends on the familiar notions of consistency, stability, and convergence. In the linear case, one obtains from (1) and (2) that eN = uN -PNu satisfies the error equation (3) Wat = PnLV -Pn)u + Fn-PnFConsistency requires that the approximation error on the right-hand side of (3) becomes small as N increases. An attractive, feature of the spectral projections, analyzed in Chapter 9, is their so-called spectral (or "infinite-order") accuracy, which means that the approximation error decays as fast as the global smoothness of the exact solution u permits. The spectral method (2) is stable if PNLPN is boundedly invertible. In this case, the error equation (3) implies that uN is spectrally accurate with PNu and hence, by consistency, uN converges spectrally to u itself, provided the latter is sufficiently smooth. The consistency, stability, and convergence of spectral methods hinge on several key issues which make the spectral algorithm work successfully. Particular attention should be paid to the aliasing phenomenon; the use of filtering techniques in the presence of nonsmooth data; the appropriate choice of a spectral projection for a given problem, and the choice of discrete collocation points to realize this projection; the correct treatment of boundary conditions; and the behavior of the eigenproblems associated with the linearized equations (2). The fundamental role of these and other issues in the context of spectral methods is explained in Chapters 3-5. Practical implementations are demonstrated in Chapters 7-8. The importance of these issues is reemphasized in the stability analysis presented in Chapters 9-13.
The book is not easy to read. This is in part due to its large scope, and in part due to the subject itself: the details involved in spectral algorithms are inherently less 'clean' than those of, say, finite difference methods. The reader is therefore required to be familiar with spectral methods. As the authors indicate in the preface, they intend to reach audiences of both users and theorists of spectral methods. In this respect, the expert will find Spectral Methods in Fluid Dynamics to be a valuable source of material. The classical 1977 monograph of Gottlieb and Orszag [1] is, naturally, out of date in view of the enormous amount of activity that took place during the last decade in the area of spectral methods, and the present book will most likely replace it as the standard reference on the subject. The subtitle of this work is: A generalized approach to second order elliptic problems. Actually, the book is basically concerned with one particular method of approximation, viz., the "finite volume method," also known as the "box integration method," the "box method," the "finite control volume method," or, as the author prefers to call it, the "balance method." Mainly selfadjoint problems in the plane are treated.
Eitan Tadmor
In brief, the balance method investigated in this book is as follows: Given a primary mesh, write down the weak formulation of the elliptic partial differential equation against a constant function in a control volume, locally associated with the primary mesh. This procedure has a "physical" interpretation; hence the name balance method. Then approximate the resulting relation using values of the unknown function at nodal points of the primary mesh; equations for these nodal values ensue. Variations of the basic scheme differ according to how the control volumes are constructed from the primary mesh and also according to whether a triangular or rectangular primary mesh is used.
Three types of primary meshes are considered: A. Uniform (regular), B. almost uniform, i.e., uniform except for a small layer around curved boundaries, say, and C. quasi-uniform but globally irregular meshes. Given the title of the book, the last case is clearly the most important.
The book is to a large extent a summary of the work of the author and others on how this balance method behaves.
There is at present a discussion among numerical analysts about the role of truncation error analysis for irregular meshes in "ordinary" finite difference and finite element methods. Some of the issues are very nicely illustrated in this monograph, as I hope the following outline of some main ideas will show.
First, the ensuing equations for nodal values alluded to above are treated in a classical manner, well known to anyone who has studied the five-point operator on a uniform mesh. A maximum principle is derived and thereafter the exact solution is put through its paces through the equation for nodal values, resulting in a "truncation error." Using the maximum principle, any bound on the maximum norm of the "truncation error" yields a maximum norm bound on the actual error.
This analysis works all right for meshes of type A, and, with some exertions inspired by finite difference work in the late sixties, for meshes of type B, provided the solution is sufficiently smooth.
However, in the case C of totally irregular meshes, the "truncation error" is merely bounded in the maximum norm; thus the above analysis via the maximum principle does not even show convergence. This not unusual observation for irregular meshes is made on page 107 in this book.
Noting that the pointwise analysis via the maximum principle does not work for irregular meshes, to rescue the situation, the author switches to an analysis in L2 dual norms, basically, with minor technical deviations now and then, using that the actual Hx error is bounded by the H_x error in the "truncation error." The program is carried through with aplomb for the three mesh situations A, B, and C. In particular, in the case A of globally regular meshes, so-called superconvergent results, 0(h ) for first-order difference quotients, are obtained, as also, to a lower order, in the case of meshes of type B.
As for Chapter 6, nonsymmetric problems, I have little to say. Although the author uses upwinding techniques for the first-order convection terms, the results there say little about a truly singularly perturbed, convection-dominated case, as far as I could ascertain.
The style of this book is readable, although I suspect that some numerical analysts will find the collections of notation for meshes and geometry of domains in the beginning somewhat overpowering. Many technical points are relegated to the literature. I note with pleasure that the author very carefully takes into account the treatment of curved boundaries. The typography is pleasant, with hand-written symbols carefully executed.
In conclusion, this is a careful monograph on error analysis of the balance method.
L. B. W.
